Journal of Basics and Applied Sciences Research (JOBASR) R
ISSN (print): 3026-9091, ISSN (online): 1597-9962 I

Volume 3(4) July 2025 p

DOI: https://dx.doi.org/10.4314/jobasr.v3i4.1

o
W&

e

v

&

On Substructures and Root Sets in Antimultigroups and Their Direct Products

Chinedu Peter'”, Funmilola Balogun? and Adeyemi Omotosho Adewumi?
L2&3pepartment of Mathematics, Faculty of Physical Sciences, Federal University Dutsin-Ma, Nigeria.
*Corresponding Author Email: *'macpee3@yahoo.com

2fhalogun@fudutsinma.edu.ng; 3adeyemtosh@gmail.com

ABSTRACT

This paper presents an extension of the direct product operation to
antimultigroups. We prove that the direct product of two antimultigroups is
itself an antimultigroup, preserving the defining axioms under Cartesian
pairing. We introduce and analyze the main substructures of antimultigroups.
These substructures include strong and weak upper and lower cuts, and show

Key\_/vords: that each type of cut forms a sub-antimultigroup. Also, we examine the
multisets, behavior of root sets and the structural connections between cuts under union
multigroup, and intersection. This leads to the establishment that such operations yield sub-
group, antimultigroups under suitable conditions. These findings contribute to a

antimultigroup, deeper understanding of the structure of antimultigroups. Thus, it lays the

direct product.

groundwork for further developments in antimultigroup theory.

INTRODUCTION

We begin by reviewing some established definitions and
results in the realm of multigroup theory. These
foundational concepts serve as a basis for the
development of new ideas in this work. Additionally, we
introduce novel definitions and results that are integral to
the discussions and analyses presented. The first key
concept that we revisit is multiset and their significance in
generalizing the traditional set theory. Multisets, as
introduced by N. G. De Bruijn (DeBruijn 1983), allow for
the repetition of elements within an unordered collection,
thus expanding the scope beyond the constraints of
Cantor's crisp set. Understanding the properties and
structures of multisets is essential in exploring the
extensions of traditional group theory into the realm of
multigroups.

The field of group theory, rooted in George Cantor's set
theory principles, has long been a significant area of
mathematical study. Cantor's original set theory, which
prohibited element repetition, laid the foundation for
group theory (Kleiner, 1986). Over time, as mathematical
research progressed, it became apparent that this
limitation needed to be addressed. The introduction of
multisets, proposed by N. G. De Bruijn to Knuth,
provided a solution by allowing for the repetition of
elements within an unordered collection (Knuth, 1981).
Multisets have found wide-ranging applications in various
fields such as database systems, biological systems, and
information retrieval (Blizard, 1991; Singh 1994; Singh et
al., 2007 & 2008).

Furthermore, we delve into the definition and properties
of multigroups, which are algebraic systems that adhere to

group theory axioms. The evolution of multigroup
theory, incorporating the principles of multisets and
other non-classical groups, has paved the way for a
greater understanding of algebraic structures. By
synthesizing  existing  knowledge  with  new
contributions, we comprehensively examine the direct
product of antimultigroups and lay the groundwork for
further exploration and analysis in subsequent sections
of this paper (Ejegwa and lbrahim, 2017; Ejegwa,
2020).

Dresher and Ore (1938) introduced multigroups as
algebraic systems satisfying group theory axioms with
multivalued multiplication. However, this definition
did not align with the properties of multisets or other
non-classical groups like fuzzy groups, soft groups,
and intuitionistic fuzzy groups as seen in Rosenfeld
(1971), Aktas and Cagman, (2007), Biswas, (1989)
Nazmul and Samanta, (2011 and 2015), Shinoj et al.,
(2015) and Shinoj and Sunil, (2015). Subsequent
research efforts aimed at refining the concept of
multigroup by integrating it with multisets, leading to a
more coherent and comprehensive definition. The
notion of the direct product of antimultigroups, an
extension of multigroup theory in reverse order, and its
properties are presented. See Peter et al., (2024), Peter
and Abdullahi (2025a), Peter and Abdullahi (2025b),
Peter, (2025) are some texts with further contributions
in the parlance of multigroupand antimultigroup — the
last three of which are based on Singh’s dressed
epsilon notations.
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MATERIALS AND METHODS

Preliminaries

In this section, we review some existing definitions and
results. We also introduce new definitions and results that
will be used in this work.

Definition 1 (Singh et al., 2007)

Let X = {x;, x5, ..., x;, ... } be a set. A multiset A over X is
a function:

A:X ->N={012,..}

such that for each x € Dom(A4),A(x) =m,(x) > 0,
where m, (x) denotes the multiplicity of the elements x in
A. The set of all multisets over X is denoted by M (X).
Definition 2 (Syropoulos, 2011)

Let A and B be multisets. We say that A is a submultiset
(or multisubset) of B, written A < B (or B 2 A), if

my(x) < mg(x)forallx € D

where D is the root set of B. If A€ B and A # B, then A
is called a proper submultiset of B.

Definition 3 (Namzul et al., 2013)

Let X be a group. A multiset A over X is said to be a
multigroup over X if its multiplicity function m, satisfies
the following two conditions for all x,y € X:

1. my (xy) = min{m, (x), my(y)}
2. my(x™) = my(x).
It follows immediately from (2) that

m, (x71) = m,(x),

Since my(x) = my(x™1)"1 = m,(x~1) and vice versa.
The set of all multigroups over X is denoted by MG (X).
Thus, A is a multigroup over X if and only if the
multiplicity function respects the group multiplication and
inversion as stated above.

Definition 4 (Ejegwa, 2020)

Let X be a groupoid. A multiset A over X is called an
antimultigroupoid of X if

my(xy) < my(x) vmy(y)forallx,y € X,

where v denotes the maximum of the two values.
Definition 5 (Ejegwa, 2020)

A multiset A over a group X is said to be an
antimultigroup if the following conditions hold:

1. my(xy) < my(x) vmy(y)forallx,y € X,

2. my(x™) < my(x) forallx € X

The set of all antimultigroups over X is denoted by
AMG(X).

Example 1

Let X ={e,a,b,c} be the Klein four-group, with
operation defined by

ab=c,ac =b,bc =a,a’> =b*=c*=e.

Then the multiset
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A ={e?a® b* c%}
Is an antimultigroup over X.
Proposition 1 (Ejegwa, 2020)

Let A € AMG(X), where e is the identity elements of
X. Then the following conditions hold:

1. my(e) < my(x) forall x € X,
2. my(x™) < my(x) forallx € X,n € N,
3. mu(x™Y) < my(x) forallx € X

Definition 6 (Nazmul et al., 2013)
Let AeM(X) be a multiset over X. Define the
following subsets:

1. A, ={x € X I[my(x) > 0, called the support
of A
2. A, = {x € X Imy(x) = my(e), where e is the

idendity element of X.

Definition 7 (Ejegwa, 2020)
Let A € AMG(X). For every n € N, define the cut of
A atlevel nas:

Apy = {x € X |my(x) < n}.

Proposition 2 (Ejegwa, 2020)
Let A € AMG(X). Then for every n = my(e), the cut
A Is a sub-antimultigroup of X.

Proposition 3 (Ejegwa, 2020)

Let A € AMG(X). A submultset B < A is called a sub-
antimultigroup of A, denoted by B<A if Be
AMG(X); that is, if B forms an antimultigroup under
the same binary operation.

If B<A and B # A, then B is called a proper sub-
antimultigroup of 4, denoted by B < A.

Example 2

Let X = {e, a, b, c} be the Klein four-group (with ab =
c,ac = b,bc = a,a® = b? = ¢ = e), and let

A ={e5a’,b%c"}

be an antimultigroup over X. Then the multisets

B = {e* a® b5 ¢}, C = {e? a® b* c*}

are sub-antimultigroups of A.

Since both B and C are strictly contained in A, they are
also proper sub-antimultigroups of A; that is,

B<Aand(C < A

Definition 8 Let A€ AMG(X) and neN. The
following subsets are defined as follows:

L2 ]
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1. The strong upper cut of A at level n is:
Ay = {x € X my(x) <nl

2. The weak upper cut of A at level n is:
Am = {x € X| my(x) < n}.

3. The strong lower cut of A at level n is:
A = {x € X| m,(x) = n}.

4. The weak lower cut of A at level n is:
AW = {x € X| my(x) > n}.

Proposition 4 (Sub-antimultigroup Property of Cuts);
Let A € AMG(X) and n € N. Then Ap,;, Acyy, A™ and
A™ are sub-antimultigroups of A.

Proof.
Let C be any of the four cuts above with induced
multiplicities from A: that is,
_ (my(x), ifxecC
me(x) = {0, otherwise

We now verify that C € AMG(X):

1. Inverse symmetry:

Forall x € X:

Since A € AMG(X), we have m,(x~1) = my(x). Then
for each C,x € m,(x) satisfies some inequality involving
n & my(x~1) satisfies the same. Hence, x e C & x~ 1 €
C,somg(x™1) = me(x)

2. Antimultiplicative inequality:
Forall x,y € X:
me(xy) < me(x) Vme(y).

This holds because m(z) < my(z) for all z, and A
satisfies the antimultigroup inequality:

my(xy) < my(x) Vmy(y).
So if xy € C, then:

me(xy) = my(xy) < my(x) Vmy,(y).

But since mg(x) < my(x), mc(y) <my(y), the right-
hand side is at least m.(x) vV m.(y), so the inequality
holds.

Proposition 5 (Ibrahim and Awolola, 2023)
Let A € AMG(X). Then the sets A* = {x € X [m,(x) =
my(e)}and A, = {x € X |m,(x) > 0}.

Peter et al.
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Proposition 6. Let A,B € AMG(X) with A C B.
Assume that the normality condition is given in the
stronger form:

m, (eyx ™) =m,(y) Vx,y € X.

Then the following statements are equivalent:

i. Aisanormal sub-antimultigroup of B.

i, ma(xyx™) =mu(y) vVx,y € X.

iii. my(xy) =my(yx) Vx,y € X.

Proof.

(1) = (i)

This follows directly from the assumption that
normality is defined by equality, i,e,

my(xyx~') = my(y) Vx,y € X.
Hence, (i) implies (ii).

(ii) = (iii)

Assume

myu(xyx™1) = my(y) Vx,y € X.

Let x, y € X. Multiply both sides on the right by x, so

xyx~lx = xy.

On the other hand, let yx = x 1xyx. Since AC B €
AMG(X), the multiplicities are preserved under such
transformations (this is assumed or can be derived in
an associative multigroup). Hence, using the equality
condition repeatedly yields:

my(xy) = my(yx)
Thus, (ii) implies (iii).

(iii)) = (i)

Assume

my(xy) = my(yx) Vx,y € X

and that A < B, We aim to show that
m,(xyx ™) =m,(y) Vx,y € X

Let x,y € X. Then:

m,(cyx ™) = mu(yx~1x) = my (),

Since x~'x =e, the identity, and multigroup
associativity and identity assumptions give
yx~'x = yand my(yx~'x) = mu(y).

Hence, (iii) implies (ii), and thus all three statements
are equivalent under the equality assumption.

N
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Direct Product of Antimultigroup iii
In this section, we introduce the concept of direct product
in antimultigroup context and we investigate the
properties of direct product of two antimultigroups. Also,
we establish some important results with respect to root

sets and cuts of antimultigroup.

Definition 9. Let X and Y be groups, A; € AMG(X) and
A, € AMG(Y). The direct product 4; X 4, is a multiset
over X x Y defined by the function:

My, x AZ((X' J’)) =my, (x) Vvm,,(y) Vx EX,Vy €Y,
where v denotes the maximum operator.

Example 3
Let X = {e,a,} with a® = e, and let Y = {e’,b,c,d} be a
Klein 4-group where b? = ¢ = d? = ¢'). Define:

A, = {et,a%}, A, = {(e)? b5, c*, d°}.

Then A; € AMG(X), A, € AMG(Y), and the product
group is:

XXY
= {(e,€"), (e, b), (e, ), (e,d),(a,€"),(a,b),(a,c), (a d)}

with identity element (e, e").
From Definition 9, the direct product is:

(e,e")? (e,b)° (e, 0)*, (e,d)*, (a,e")*,
Ay x4y = . . . .
(a,b)*, (a,c)* (a,d)
This is an antimultigroup over X x Y, satisfying the
antimultigroup conditions from Definition 5.

Remark 1.
Note that the total multiplicity of A; x A, satisfies:

|41 X Ay| = my, x Az((x:Y))
(x,y)EXXY
< (Z mAl(x)> 1D ma,
XEX YEY
= |A4].14,]

This is different from the classical group case, where the
cardinality of the direct product is the product of the
cardinalities.

Proposition 7: Let A; € AMG(X) and A, € AMG(Y)
and A; X A, E MG(X xY). Then for all (x,y) eX XY
the following hold:

i-mAlez((x_l’y_l)) = mAlez((x’Y))

ii-mAlx AZ((e' e')) = My, x AZ((X' }’))

Peter et al.
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My, x4, (Y™ < mAlXAZ((x, y)), foralln € N.

Proof:

Let (x,y) e X X Y.

() mAlez((x_I:y_l)) =my, (x )V
my, (™)
=My, (x)
Vmy, o™
=My, x Az((x: 3’))

(by antimultigroup property)

(i) mAlez((e'e,)) =My, x Az((x'}’)(x_lﬂy_l))
< Ma,xa, (6 9)) Vg 0, (74 y™D)
=My, x4, (y)v My, x 4, ()
=My, x Az((x: }’))
(iii) We prove by induction that for all n € N,
mAlez((x» ") = mAlez((xn'yn))
< my, x Az((X. J/))-
Base case n = 1:
My, xa, (e, )Y = mAlez((xnxyn))
< my, x Az((X. ).
Inductive steps: Suppose
M, xa, (6, 9)%) < my xa,((x,7)) for some k € N.
We want to show that
My, xa, ((x, }’)k+1) < mAlez((x' Y))
Now: my, xa, ((, ) ) = myg 4, (6, 3% (x, )
< my x4, (%, v My, x 4, (%, 7))
< My, x4, (M) v My, x 4, (X, 7))
= my,x Az((x, y))-

Proposition 8: Let A;,B; € AMG(X) and A,,B, €
AMG(Y) and m,n € N. Then:

(A1 X Ay € (A1 X Ay ifand only if n < m,
LAy X A, € B, X B, if and only if (4; X A4,)pm €

(By X By)n-

Proof.
(i) Assume (x,y) € (4A; X Az)pn- Then
Ma,x 4, ((6,3)) < .

Since n < m, it follows that:
My, x Az((x' )’)) <m

Hence, (4; X Az)[n] c (4, X AZ)[m]-

Conversely, if (A1 X A;)n) € (A1 X Ay)pyy it is clear
that n < m.

(i) Suppose A; X A, € By X B,. Then:
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My, x4, (ty) < Mg, x B, () V(x,y)

Soif (x,y) € (A; X Ay)[n), then:

mAlez((x'Y)) Sn = mg Bz((x,}’)) <n
Thus, (x,y) € (By X B3)p)-

The converse is straightforward.
Since

Ay XA; €SBy X B = mAlez((x'Y)) <
mp, x BZ((X'J’)) V(x,y) EX XY.
For (x,y) € (A; X Ay)my and (x,y) € (By X By)p

= My, x4, (X, Y) < Mpyp, (X,y) <1
S0, A; X A, € B; X B,.
The converse is straightforward.
Remark 2: Let A;,B; € AMG(X) and A4,, B, € AMG(Y)
and m,n € N. Then:
i.(4; x 4,)M € (4, x A,)M
ifand only if n > m,
iiLA; X A, € B; X B,
if and only if (A; X A;)[n) € (By X By) -

Theorem 1: Let A; € AMG(X) and A, € AMG(Y)
respectively. Then for all n € N,

(Al X AZ)[n] = Al[n] X Az[n]

Proof.
Let (x,y) € (A; X A3)n)- From definition 9 we have,

M (0 3)) = (Ma, (1) Vim,, () < .

This implies that m,, (x) < n and m,,(y) < n, hence
X € Al[n] andy € Az[n], 0]

(%, ) € Ay X Ay

Conversely, let (x,y) € Ay X Az Le, my, (x) <n
and my, (y) < n. Then

My, ((6,9)) = (ma, 00 VMg, () <,
which implies that (x,y) € (41 X A3) [

Hence,
(Al X AZ)[n] = Al[n] X Az[n]

Peter et al.
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Corollary 1: Let A; € AMG(X) and A, € AMG(Y),
respectively. Then for all n€N, (4; x A,)M =
A, x4,

Proof.
Follows similarly from Theorem 1 using the definition
of [n] and the fact that

M, 4, (6, 9)) = my () Ving, (v) 2 n
if and only if m,, (x) = n and m,,(y) = n.

Corollary 2: Let A€ AMG(X) and B € AMG(Y),
respectively. Then

i. (AXB),=A,XB,

ii. (AXB)"=A"XB"

Proof.
Follows directly from Theorem 1 by noting that

A* = UA[TI]!A* = ﬂA* = A[Tl]’

i neN. o neN i
and using the distributivity of Cartesian product over

union and intersection:

@axB). = Jeax By,

neN

= U(A[n] X By) = A. X B,

neN
(AXB)* = ﬂ(A x B)!
neN
= U(A["] x BM) = 4" x B*
neN

Theorem 2: Let A; € AMG(X) and A, € AMG(Y).
Then A; X A, € AMG(X X Y).

Proof.

Letx = (xq,x3), ¥y = (¥1,¥2) €E X X Y. Then:
Ma,x 4, (xy) = mAlez((xﬂ/pxzyz))

=My, x4, (X1Y1) V My x4, (X2Y2)

< (mA1 () vmy, ()’1)) \ (mAZ (x2) Vmy, ()’2))

= (a4, ) Vi, (62)) V (ma, 1) Vi, (37)

=My, x4, () V My x4, (),
using the antimultigroup property of A; and A,, and
the definition:

my, x Az((xpxz)) =my, (x1) Vmy, (x;)

Next, we check the inverse condition;
My, a, (X7 = my 0, (1, 22)71)
=My, x Az((xfl,xz_l))

=my, (") Vmy, (x;7h)

=my, (%) Vimy, (x;)
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=My, x4, (x),
where we used the antimultigroup inverse condition for
A, and A,. Thus, A; X A, € AMG(X X Y).

Remark 3:
The proof of Theorem 2 relies critically on the
preservation of multiplicity structure under the direct
product. In particular, the identity

My, x AZ((xI'xZ)) = My, x4, ((x1,%)71)
combined with the truncation identity in Theorem 1:

(4, X AZ)[n] = Al[n] X AZ[n]

Ensures that both the closure and inverse conditions
required for an antimultigroup are satisfied in the product
structure. Hence, Theorem 1 provides structural
groundwork for Theorem 2.

Corollary 3: Let A,,B; € AMG(X;) and A, B, €
AMG(X,) such that A, € B; and A, S B,. If A, is a
normal sub-antimultigroup of B; and A, is a normal sub-
antimultigroup of B, then A; X A, respectively such that
A, €B; and A, € B,. If A; and A, are normal sub-
antimultigroup of B, and B,, then A; X A, is a normal
sub-antimultigroup of B; X B,.

Proof.

From theorem 2, the direct product A; X A, is an
B; and A, ©B,, it follows that
A; X A, € B; X B,

To show that A; X A, is a normal sub-antimultigroup of

B; X By, let (xq, x,)(y1,¥,) € X; X X,. Then:
My, x Az((xbxz)()ﬁ’YZ)) = mAlez((x1Y1:XZY2))
=my, (x1y1) Vmy, (x2y,)
=my, (y1%1) Vmy, (y2x,) (sinced; 2 B;,A, 2 B,
= mAlez((}ﬁpr’zxz))
= mAlez((J’vJ’z)(xpxz))
Thus,
My, x AZ((xpxz)(J’D}’z)) =My, x Az((J’pJ’z)(xpxz))
which means A, X A, satisfies the normality condition in

B; X B,. Therefore, by Proposition 6
A, X A, 2 B; X B,.

Theorem 3: Let A; and A, be antimultigroups of X and
Y, respectively. Then
i.(4; X A;), is a sub-antimultigroup of X x Y.
ii.(4; X A,)* is a sub-antimultigroup of X X Y.
iii.(A; X Ay)[n,n € N is a sub-antimultigroup of
Y,Vn =my «a,(ee).
iv.(4; x A,)", n e N is a sub-antimultigroup of X x
Y,V n < my «a,(ee).
Proof.
From Theorem 2, the direct product A; X A, is an
antimultigroup of X xY. Therefore the associated

X X
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multiplicity function satisfies the antimultigroup
axioms on the product group X x Y.

Now we apply the following results:

° From Proposition 5, for any antimultigroup
A € AMG(G), the A, and A" are sub-antigroups of G.

° From Proposition 4, for any n > m,(e), the
level set Ay, is a sub-antigroup.

. From Proposition 4, for any n < my(e), the
upper level set A is a sub-antigroup

Applying these directly to A; X A, € AMG(X X Y), we
conclude:

° (A; X A,), and (A, x A,)* are sub-antigroups
of X X Y.
. (A X Ay)in) EX XY is a sub-antigroup for

alln >my, «4,(e €.
(A; x A,)M € X x Y is a sub-antigroup for all n <
My, x a, (€, e’).

RESULTS AND DISCUSSION

Union and Intersection of Cuts of Direct Product of
Antimultigroup

Proposition 9: Let € = A; XA, and D = B; X B,,
where C,D € AMG(X xY) and n € N. Then:

. . . . i.(Cn D)[n] = Cpp) N Dy
antimultigroup of X; X X,, and so is B; X B,. Since 4; € ..
group 1 2 L 2 L ii.(Cu D)[n] = C[n] U D[n]-

Proof.
(i) C,D e AMG(X xY), we have CnD < C and
CnDcD. By Proposition 10 for any sub-

antimultigroup A € B, it follows that Ap) = By
Therefore,

(C U D)[n] = C[n] and (C U D)[n] D[n]

Now let (x,y) € Cpuy N Dy, then
me(x,y) < nandmp(x,y) < n.
By definition of intersection of multiplicities:
Meap (X, ) = me(x,y) Amp(x,y) < n.
Hence, (x,y) € (C N D), and so
Ciny N Dy € (€ N D)y

Thus,
(Cn D)[n] = C[n] n D[n]-

(i) Since CcCuUD and D S CUD, again by
Proposition 10, we get:

6|
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C[n] c(Ccu D)[n] and D[n] c(cu D)[n] = C[n] U D[n]
c(Cu D)[n]-

Now take (x,y) € (C U D). Then

meyp(x,y) =me(x,y) Vmp(x,y) < n = me(x,y)
<normp(x,y) <n.

So (x,y) € Cpyjor (x,¥) € Dy = (x,y) € Cpyy U Dpy).
Therefore,

(CUD)py E Cinp U Dpyyy.
Combining both inclusions:

(CUD)p) = Ciyy Y Dpyyy.

Proposition 10: Let C = A; X A, and D = B; X B, such
that C,D € AMG(X XY). If Cyy and Dy, are sub-
antimultigroups of X x Y, then (C N D), is also a sub-
antimultigroup of X x Y.

Proof.

Let (e,e’) denote the identity in X X Y. Since (e,e’) €
Cny and (e, e) € Dy, by the sub-antimultigroup property
and the definition of the cuts we have:

mc((e,e')) <n ande((e,e')) <n

Moreover, for all (x,y) €eXxY, the values
mc((x,y)) <n ande((x,y)) < n hold on these cuts.
Recall that by assumption Cp,; and Dp, are sub-
antimultigroups of X x Y. Hence, their intersection

Cin) N Dy

Is also a sub-antimultigroup of X XY since the
intersection of  sub-antimultigroups is a sub-
antimultigroup. By Proposition 9, we know that

(Cn D)[n] = C[n] n D[n]-

Therefore,
(€ N D)y
is a sub-antimultigroup of X x Y.

Corollary 4: Let C = A, XA, and D = B; X B, such
that C,D € AMG(X XY). If Cpy and Dy, are sub-
antimultigroups of X x Y, then (C UD)p, is a sub-
antimultigroup of X X Y provided that C < D.
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Proof.

By Theorem 2, both Cp,; and Dy, are sub-
antimultigroups of X x Y. Assume C € D. Then, by
Proposition 8, we have

Therefore, the union of these cuts simplifies to
Cn) YU Din) = Dpny-

Since Dy, is a sub-antimultigroup of X x Y, it follows
that

Clny U Diy
Is a sub-antimultigroup of X x Y.
From Proposition 9, we know that
(CUD)m) = Cin) Y D
Hence,
(CUD)y
is a sub-antimultigroup of X x Y.

CONCLUSION

This paper has developed the theory of direct products
in the context of antimultigroups, thereby extending the
classical structure from group theory to multiset-based
antimultigroups. We have introduced the direct product
of antimultigroups and demonstrated that the direct
product of two antimultigroups is itself an
antimultigroup.

In addition to the results, we have examined sub-
antimultigroups induced by various types of cuts—
strong and weak, upper and lower—and investigated
their preservation under union and intersection. We
further explored the behavior of root sets in product
spaces by showing how their properties are inherited or
transformed under product operations.

With this contributions, the foundational aspects of
antimultigroup theory is solidified and some
promising research directions are opened up. One such
direction is the study of homomorphisms in the setting
of direct products, including characterizations of kernel
structures, image preservation, and the conditions
under which factor antimultigroups may be recovered.
Another prospective area involves embedding of
antimultigroups, thereby linking them to broader
algebraic structures.




On Substructures and Root Sets in Antimultigroups ...

Acknowledgment

We would like to express our sincerest gratitude to all
those who contributed to the completion of this paper
publication. We are grateful to the reviewers and editors
who provided thoughtful feedback and constructive
criticism, which helped enhance the quality of this
publication. We are truly thankful for the contributions of
all those involved in making this publication possible.
Thank you for your dedication and hard work.

REFERENCE

Awolola, Johnson Aderemi (2019). On multiset relations
Aktas, H. and Cagman, N. (2007). Soft sets and soft
groups. Information Science, 177:2726-2735.

Biswas R, (1989). Intuitionistic
subgroups.Mathematical Forum, 10:37-46.

fuzzy

Blizard, W. D. (1991). The development of multiset
theory. Modern Logic, 1:319-352.

Kleiner, 1. (1986). The evolution of group theory: a brief
survey. Mathematics Magazine, 59(4):195-215.

Knuth, D. (1981). The art of computer programming.
Semi Numerical Algorithm, Second Edition, 2, Addison-
Wesley, Reading, Massachusetts.

Nazmul, S. K., Majumdar, P., and Samanta, S. K. (2013).
On multisets and multigroups. Annals of Fuzzy
Mathematics and Informatics, 6(3):643-656.

Peter, C., & Abdullahi, B. (2025a). Rethinking
Multigroup: An Introductory Alternative Approach in
Singh’s Perspective. FUDMA Journal of Sciences, 9(4),
83-86.

Peter, C., & Abdullahi, B. (2025b). Singh’s Perspective
on Multiset Theory- a Conservative Extension of
Standard Set Theory. FUDMA Journal of Sciences, 9(4),
74-77.

Peter, C., (2025). On Singh’s Dressed Epsilon Perspective
of Multigroup. Journal of Basics and Applied Sciences
Research, 3(3), 16-21.
https://dx.doi.org/10.4314/jobasr.v3i3.3

Peter et al.

JOBASR2025 3(4): 1-8

DeBruijn, N. G. (1983). Denumerations of rooted trees
and multisets. Discrete Applied Mathematics, 6(1):25—
33.

Dresher, M. and Ore, O. (1938). Theory of
multigroups. American Journal of Mathematics,
60:705-733.

Ejegwa P.A. (2020). Concept of Anti Multigroups and
Properties. Earthline Journal of Mathematical
Sciences, ISSN (Online): 2581-8147, 4(1): 83-97.

Ejegwa P.A and Ibrahim A.M (2017). Direct product
of multigroups and its generalization. International
Journal of Mathematics and Combinatorics, 4:1-18.

Ibrahim, A. M. and Awolola,J. A., (2023), Amgroups,
ActaMathematicaAcademiaePaedagogicaeNy iregyh’a
ziensis, 34, 150-155.

Peter, C., Balogun, F., Adeyemi O. (2024) An
Exploration of Antimultigroup Extensions, FUDMA
Journal of Sciences, Vol. 8 No. 5, pp 269 - 273

Rosenfeld, A. (1971). Fuzzy groups. Journal of
Mathematical Analysis and Application, 35:512-517.

Shinoj, T. K. and Sunil, J. J. (2015). Intuitionistic
fuzzy multigroups. Annals of Pure and Applied
Mathematics, 9(1):133-143.

Shinoj, T. K., Baby, A., and Sunil, J. J. (2015). On
some algebraic structures of fuzzy multisets. Annals of
Fuzzy Mathematics and Informatics, 9(1):77-90.

Singh, D. (1994). A note on the development of
multisets theory. Modern Logic, 4:405-406.

Singh, D., lIbrahim, A. M., Yohanna, T., and Singh, J.
N. (2007). An overview of the applications of
multisets. Novi Sad Journal of Mathematics, 37(2):73-
92.

Singh, D., Ibrahim, A. M., Yohanna, T., and Singh, J.
N. (2008). A systematization offundamentals of
multisets. LecturasMathematicas, 29:33-48.

Syropoulos, A. (2001). Mathematics of multisets.
Springer-Verlag Berlin Heidelberg.



https://dx.doi.org/10.4314/jobasr.v3i3.3

